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Background

Career at DFKI-RIC

• PhD in Mathematics and Computer Science from University of Bremen in November 2019.

• Team Leader: Mechanics & Control (since April 2019), Senior Researcher (since July 2020)

• Supervisor of Underactuated Robotics Lab at DFKI RIC (since February 2021)
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Robust Dynamic Maneuvers of Spot

Video: Robustness of quadrapedal robot Spot by Boston Dynamics

Lie group based modelling of robot kinematics & dynamics and An optimization based view on robotics
Shivesh Kumar, Invited Lecture at Stardust-R Network Training School III, March, 15th 2021 Slide 4 of 79



Introduction Part I: Lie group based modelling of robot kinematics & dyn. Part II: An optimization based view on robotics Conclusion

Robust Dynamic Maneuvers of Spot

Quiz

What kind of approach, according to you, is used to produce such robust and dynamic maneuvers
by Spot?

A. Machine learning

B. Classic PID control combined with kinematic and dynamic models

C. Optimal control

D. A combination of classic controls and machine learning
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Two Major Achievements of Humanity in 21st Century

Video: Atlas Backflip
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Two Major Achievements of Humanity in 21st Century

Video: SpaceX Boosters Landing Simultaneously
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Moravec’s Paradox

There is no guarantee that the methods of AI which work well for aspects of cognitive intelligence
for e.g. analytical reasoning, logic, pattern recognition etc. will work equally well for physical
intelligence as well.
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Modern Control Architectures in Robots

Two main components

Lie group based geometric modelling of robots and mathematical optimization have turned out
to be very powerful tools in robotics.

Geometric Modeling

• Exploit geometric structure of various
motion groups (SE(3), SO(3) etc.)

• High fidelity models

• Results in concise models which can be
easily transferred to computer code

• Build models from readily available CAD
data (no more DH parameters!)

Mathematical Optimization

• Allows exploitation of structure in costs
or dynamics

• Build controllers that are robust to
external disturbances

• Many off the shelf available optimization
tools

• Better explainablity of the models
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Relevance to Space Community

Image Courtesy: Christian Ott, DLR (2012)
Image Courtesy: Shubham Vyas, DFKI–RIC (2021)
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Part I: Lie Group based Modelling of Robot
Kinematics & Dynamics (45 minutes)
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Introduction
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Introduction

Scientific foundations of robotics

Historical Interplay between Maths and Robotics

The heart of robotics is motion – controlled
programmable motion – which is best studied in the
area of mechanics and control.

• What unifies mechanics, planning and control? –
Differential Geometry

• Historical mathematical foundations:
Evariste Galois (1829): Early group theory
Sophus Lie (1872): Lie groups
Robert Ball (1876): Screw theory

• Modern connections to robotics:
K.H. Hunt (1978): Screw theory for spatial mechanisms
Brockett (1983): Product of Exponentials formula using
the Lie Group SE(3)
R. Featherstone, F. Park, A. Jain etc (1985 – onwards):
Efficient and user–friendly geometric formulations for
mechanics and control.

Sophus Lie Robert Ball
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Introduction

Key Insight: Configuration Space

Lie group based modelling of robot kinematics & dynamics and An optimization based view on robotics
Shivesh Kumar, Invited Lecture at Stardust-R Network Training School III, March, 15th 2021 Slide 12 of 79



Introduction Part I: Lie group based modelling of robot kinematics & dyn. Part II: An optimization based view on robotics Conclusion

Introduction

Configuration space is defined by kinematic constraints!
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Introduction

Principle of Least/Stationary Action

Action is defined as the integral of the Lagrangian L
between two instants of time t1 and t2.

A =

∫ t2

t1

L(q, q̇, t)dt (1)

where the Lagrangian is defined as the difference of
kinetic (K) and potential (V ) energies i.e. L = K − V .
Principle of Least Action states that the path taken by
the system between times t1 and t2 and configurations
q1 and q2 is the one for which the action is stationary
(no change) to first order.

∂A = ∂

∫ t2

t1

L(q, q̇, t)dt = 0 (2)

Here, q lives on the c-space manifold i.e. q ∈ Q and
q̇ lives on its tangent bundle i.e. q̇ ∈ TqQ.
All forms of Equations of Motion (EOM) can be
derived using Principle of Least Action.

As the system evolves, q traces a path through con-
figuration space (Q). The path taken by the system
(red) has a stationary action (∂A = 0) under small
changes in the configuration of the system (∂q).
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Introduction

Equations of Motion (EOM) for multibody systems

Applying some variational calculus on Equation 2, one could derive the Euler–Lagrange equation:

∂L

∂q
− d

dt

∂L

∂q̇
= 0 (3)

Using index notation with summation over repeated indices, we can express Equation 3 as:

∂2K

∂q̇i ∂q̇j
︸    ︷︷    ︸

Mij

q̈j +
∂2K

∂q̇i ∂qj
q̇j − ∂K

∂qi
︸                 ︷︷                 ︸

Ci

+
∂V

∂qi
︸︷︷︸

Gi

= 0i (4)

In the standard matrix form, EOM are written as:

M(q)q̈ + C(q, q̇) + G(q) = 0 (5)

“Physics is well known as being concerned with grand conservatory principles (e.g. the
conservation of energy) but equally important is the optimization principle (such as getting
somewhere in the shortest time or with the least resistance).”

– The Lazy Universe: An Introduction to the Principle of Least Action, Jennifer Coopersmith
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Introduction

But what about actuation?

Using D’Alembert and Lagrange principles,
generalized forces can be derived:

∂L

∂q
− d

dt

∂L

∂q̇
= τ (6)

In the standard matrix form, EOM are written as:

M(q)q̈ + C(q, q̇) + G(q) = τ (7)

In the presence of external forces or contacts, EOM
are written as:

M(q)q̈ + C(q, q̇) + G(q) = τ + JT W ext (8) forced path on the c–space manifold

Important to note

• In the force balance in Equation 8, external wrenches play an equally important role as the
generalized forces.

• There is no reason why generalized coordinates should be exactly the same as actuator
coordinates.
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Introduction

Actuation and workspace
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Screw Theory and Lie Groups Fundamentals
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Screw Theory and Lie Groups Fundamentals

What is a rigid body?

Definition of Rigid Body

Rigid body is defined as an object in which the Euclidean distance between any two given points
remains constant in time regardless of external forces exerted on it.
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Screw Theory and Lie Groups Fundamentals

Basics of Group Theory

Definition (Group)

A group is a set G, together with a binary operation ◦ (called the group action of G) that combines
any two elements g1 and g2 from this group to form another element, denoted as g1 ◦ g2. In order
to qualify as a group, the set and the operation (G, ◦) has to satisfy the following four axioms:

1. Closure: For all g1, g2 ∈ G, the result of the operation g1 ◦ g2 must also be an element of the
set G.

2. Associativity: For all g1, g2, g3 ∈ G, (g1 ◦ g2) ◦ g3 = g1 ◦ (g2 ◦ g3).

3. Identity element: There exists an element e ∈ G such that for every element g in the set G,
the equation e ◦ g = g ◦ e = g holds.

4. Inverse: For each g in G, there exists an element g−1 ∈ G, such that g−1 ◦ g = g ◦ g−1 = e,
where e is the identity element.

Definition (Lie Group)

A Lie group is a group (G, ◦) which is equipped with an additional structure of a smooth
differential manifold and for which the group operation ◦ : (g , h) 7→ g ◦ h and inversion g 7→ g−1

are smooth maps. A Lie group is Abelian if g ◦ h = h ◦ g for all g , h ∈ G. Every Lie group has an
associated Lie algebra, which is the tangent space around the identity element of the group.
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Screw Theory and Lie Groups Fundamentals

Fundamental Lie Groups in Robotics

Definition (Translational Group)

The translational group T (n) is defined by choosing the
Euclidean space Rn as the underlying set and addition
(x, y) 7→ x + y as the group operation. It is an Abelian
group with identity element as zero vector 0 ∈ Rn, also
known as origin, and inverse of any element x ∈ Rn is −x.

Definition (Rotational or Special Orthogonal Group)

The orthogonal n × n matrices with determinant 1 form a
normal subgroup of O(n,R) known as the special
orthogonal group SO(n,R).

SO(n) = {R ∈ GL(n,R) : RRT = I, det R = +1} (9)

It is a non-Abelian group with identity element as identity
matrix I ∈ GL(n,R) and inverse of any element is given by
RT . It has n(n − 1)/2 degrees of freedom.

Translational Group

x y

z

RX RY

RZ

Rotational Group
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Screw Theory and Lie Groups Fundamentals

Special Euclidean Group SE (3)

An Euclidean group E(n) is the group of Euclidean isometries of an Euclidean space Rn i.e. the
transformations of that space that preserve the Euclidean distance between any two points.

Definition (Euclidean group)

Let us define an element of the Euclidean group E(n) to be a pair (R, p), where R is an element
of the orthogonal group O(n) and p is an element in translational group Rn. Any element (R, p)
of E(n) gives a transformation of n-dimensional Euclidean space f(R,p) : Rn 7→ R

n and can be
interpreted as either a translation followed by an orthogonal transformation x 7→ R(x + p) or the
same orthogonal transformation followed by a translation: x 7→ Rx + c with c = Rp. Hence, the
group operation can also be thought of as a set of mappings.

The identity element of the Euclidean group E(n) is the pair (In×n, 0) where In×n is the identity
element of O(n) and 0 ∈ Rn is the identity element (or origin) in translational group T (n). The
inverse of an element (R, p) ∈ E(n) is given by (R−1, −R−1p).
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Screw Theory and Lie Groups Fundamentals

Motion subgroups of SE (3)
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Screw Theory and Lie Groups Fundamentals

Origins of Screw Theory

Theorem (Chasles’ Theorem (1830))

The most general motion of a rigid body consists of a rotation about a line in space together with
a translation along it. Such a quantity is called twist or spatial velocity.

V =

[
ω

v

]

∈ R6 (10)

Theorem (Poinsot’s Theorem (1848))

The most general force that can act on a rigid body consists of a linear force acting along a line in
space, together with a moment acting about it. Such a quantity is called a wrench or spatial force.

W =

[
m

f

]

∈ R6 (11)
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Screw Theory and Lie Groups Fundamentals

Fundamentals of Screw Motion

Definition (Plücker coordinates of a line)

The Plücker coordinates of a line L defined by two
points in 3-D Euclidean space is given by the unit
direction vector between those points ŝ and a moment
vector so × ŝ.

L =

[
ŝ

so × ŝ

]

(12)

Definition (Screw)

A screw S is defined by a unit direction axis ŝ, the
position of a point so on this axis with respect to a
reference frame and pitch h.

S =

[
ŝ

so × ŝ + hŝ

]

∈ R6 (13)

Plücker coordinates of a line L

Screw motion
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Screw Theory and Lie Groups Fundamentals

Fundamentals of Screw Motion

Once, we have defined the notion of a screw V , a twist can be interpreted in terms of this screw
and a velocity θ̇ about it. The expression for the twist is given by V = Sθ̇.

[
ω

v

]

=

[
ŝ

so × ŝ + hŝ

]

θ̇ =

[

ŝ θ̇

−ŝ θ̇ × so + hŝ θ̇

]

(14)

The screws can be classified into three basic types:

• zero-pitch screws: corresponds to pure rotation movements with h = 0, S0 =

[
ŝ

so × ŝ

]

• infinite-pitch screws: corresponds to pure translation movements with h = ∞, S∞ =

[
03×1

ŝ

]

• finite-pitch screws: h , 0, h ,∞. These can be written as a linear combination of the zero
pitch screw S0 and the infinite pitch screw S∞.

Definition (Normalized or Unit Screw)

For a given reference frame, a screw axis S = [ω, v ] ∈ R6 is written as where either (i) ‖ω‖ = 1 or
(ii) ‖ω‖ = 0 and ‖v‖ = 1. If (i) holds, then v = −ω × so + hω. If (ii) holds, then the pitch of the
screw is infinite and the twist is the translation along the axis defined by v .
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Robot Kinematics
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Robot Kinematics

Matrix Exponential Mapping

Screw theory has proven to be a powerful mathematical tool for the local analysis of complex
mechanisms and robots. It provides a quick and efficient way to describe the configuration of a
system at any given instant. There are two core reasons behind it: 1) the rigid body
transformations can be analytically described in screw coordinates using exponential mapping, 2)
most kinematic joints can be described as a combination of 1-DOF screw joints.

Definition (Matrix Exponential)

Let S = (ω, v) denote the screw coordinates. The matrix exponential is defined as
exp : [S]θ ∈ se(3) → T ∈ SE(3). If ‖ω‖ = 1 then for any distance θ ∈ R traveled along the screw
axis or any angle θ ∈ R rotated about the screw axis,

T = exp [S]θ =

[
exp [ω]θ (Iθ + (1 − cos θ)[ω] + (θ − sin θ)[ω]2)v

0 1

]

∈ SE(3) (15)

where,
exp [ω]θ = I + sin θ[ω] + (1 − cos θ)[ω]2) ∈ SO(3) . (16)

If ‖ω‖ = 0 and ‖v‖ = 1, then

T = exp [S]θ =

[
I vθ
0 1

]

∈ SE(3) . (17)
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Robot Kinematics

Position of a Kinematic Chain

Definition (Product of Exponentials)

Given the zero configuration of the end-effector of the kinematic chain 0T n(0) ∈ SE(3) in base
frame, its forward kinematics q ∈ Q 7→ 0T n(q) ∈ SE(3) can be computed using the product of
exponentials formula as:

0T n(q) = exp([S1]q1) exp([S2]q2) . . . exp([Sn]qn)0T n(0) (18)

where S i represents the screw coordinates of the i th joint expressed in the base frame (also known
as spatial representation) and qi is the respective joint displacement relative to the zero
configuration. A screw represented by S = [ω, v ]T ∈ R6, when represented as a matrix element of
se(3) is given by:

[S] =

[
[ω] v

0 0

]

(19)

In above equation, again the angular velocity vector ω ∈ R3 when represented as an element of
so(3) is given by:

[ω] =

[
0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

]

. (20)
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Robot Kinematics

POE Example: Forward Kinematics of a planar 3R manipulator

Screw description for an unbranched kinematic chain

Lie group based modelling of robot kinematics & dynamics and An optimization based view on robotics
Shivesh Kumar, Invited Lecture at Stardust-R Network Training School III, March, 15th 2021 Slide 28 of 79



Introduction Part I: Lie group based modelling of robot kinematics & dyn. Part II: An optimization based view on robotics Conclusion

Robot Kinematics

POE Example: Forward Kinematics of a planar 3R manipulator

The zero pose configuration of the end effector in the base frame is given by:

0T 4(0) =





1 0 0 (L1 + L2 + L3)
0 1 0 0
0 0 1 0
0 0 0 1



 . (21)

The screw axes in matrix screw representation [S] ∈ se(3) are given by:

[S1] =





0 −1 0 0
1 0 0 0
0 0 0 0
0 0 0 0



 , [S2] =





0 −1 0 0
1 0 0 −L1

0 0 0 0
0 0 0 0



 , [S3] =





0 −1 0 0
1 0 0 −(L1 + L2)
0 0 0 0
0 0 0 0



 .

The forward kinematics of the mechanism is then given by

0T 4(q) = exp([S1]θ1) exp([S2]θ2) exp([S3]θ3)0T 4(0) . (22)

For q = [π/4, π/4, −π/2], the forward kinematics of the robot is given by
X = [x , y , φ] = [L1/

√
2 + L3, L1/

√
2 + L2, 0] which represents the right configuration of the figure.
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Robot Kinematics

Velocity of a Kinematic Chain

The POE formula (Equation 18) used to describe the position of a kinematic chain can be
differentiated with respect to time to establish a relationship between joint velocity q̇ and
end-effector’s spatial twist V .

T (q) = exp([S1]q1) exp([S2]q2) . . . exp([Sn]qn)T (0)

Ṫ =

(
d(exp([S1]q1))

dt
exp([S2]q2) . . . exp([Sn]qn)T (0)

)

+

(

exp([S1]q1)
d(exp([S2]q2))

dt
. . . exp([Sn]qn)T (0)

)

+ . . .

The spatial twist V is given by [V ] = ṪT −1 ∈ se(3).

[V ] = exp([S1]q1)[S1] exp(−[S1]q1)q̇1+

exp([S1]q1) exp([S2]q2)[S2] exp(−[S2]q2) exp(−[S1]q1)q̇2+

exp([S1]q1) exp([S2]q2) exp([S3]q3)[S3] exp(−[S3]q3) exp(−[S2]q2) exp(−[S1]q1)q̇2 + . . .

The above can be expressed in vector form V ∈ R6 with the help of adjoint mapping:

V = Adexp([S1]q1)(S1)
︸                ︷︷                ︸

J1

q̇1 + Adexp([S1]q1) exp([S2]q2)(S2)
︸                              ︷︷                              ︸

J2

q̇2 + . . . (23)

where J i = AdT i
(S i ) with T i = exp([S1]q1) . . . exp([S i ]qi ) is the instantaneous screw coordinate

vector of the i th joint.
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Robot Kinematics

Velocity of a Kinematic Chain

It can be observed that the above twist is a sum of n spatial twists and can be written in the
following matrix form:

V = [J1 J2 . . . Jn]






q̇1

q̇2

...
q̇n




 = J(q)q̇ (24)

where J is the spatial Jacobian of the kinematic chain with dimension n × 6.

Definition (Adjoint Representation)

Given T = (R, p) ∈ SE(3), its Adjoint representation AdT is given by:

[AdT ] =

[
R 0

[p]R R

]

∈ R6×6. (25)

For any vector V ∈ R6, the Adjoint map associated with T is given by

V ′ = AdT (V ) = [AdT ]V . (26)
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Robot Kinematics

Example: 1st order kinematics of 3R robot

The spatial Jacobian of the kinematic chain in the zero configuration can be built by vertical
concatenation of the joint screws.

J(0) =








0 0 0
0 0 0
1 1 1
0 0 0
0 −L1 −(L1 + L2)
0 0 0








3×6

(27)

As noted above, the spatial Jacobian is configuration dependent i.e. the instantaneous joint screws
as a function of q needs to be derived (as opposed to zero configuration joint screw description
from Figure 12).

Instantaneous Screw Description S(q) where c1 = cos q1 , s1 = sin q1 , c12 = cos(q1 + q2) , s12 = sin(q1 + q2)

Joint (i) soi s i S i (q) =

[
ŝ i

soi × ŝ i + hi ŝ i

]

1 [0, 0, 0]T [0, 0, 0]T [0, 0, 1, 0, 0, 0]T

2 [L1c1s1, 0]T [0, 0, 0]T [0, 0, 1, L1s1, −L1c1, 0]T

3 [L1c1 + L2c12, L1s1 + L2s12, 0]T [0, 0, 0]T
[0, 0, 1, L1s1 + L2s12,
−L1c1 − L2c12, 0]T
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Robot Kinematics

Example: 1st order kinematics of 3R robot

Thus, the expression of the spatial Jacobian in any configuration q is the following.

J(q) =








0 0 0
0 0 0
1 1 1
0 L1 sin q1 L1 sin q1 + L2 sin(q1 + q2)
0 −L1 cos q1 −L1 cos q1 − L2 cos(q1 + q2)
0 0 0








3×6

(27)

Recursive Nature

Inspecting Equation 24, the velocity of any body i in the kinematic chain can be expressed in the
following summand form.

V i =
∑

j≤i

AdT i
(S i )q̇i (28)

This also reveals the recursive nature of the velocity computation i.e. the velocity of any body i
can be expressed as a sum of the velocity of previous body i − 1 and velocity across the joint q̇i .

V i = V i−1 + AdT i
(S i )q̇i (29)
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Robot Kinematics

Acceleration of a Kinematic Chain

Differentiating Equation 23 with respect to time, one gets:

V̇ = Adexp([S1]q1)(S1)
︸                ︷︷                ︸

J1

q̈1 +
d

dt
Adexp([S1]q1)(S1)

︸                     ︷︷                     ︸
d
dt

J1

q̇1+

Adexp([S1]q1) exp([S2]q2)(S2)
︸                              ︷︷                              ︸

J2

q̈2 +
d

dt
Adexp([S1]q1) exp([S2]q2)(S2)

︸                                  ︷︷                                  ︸
d
dt

J2

q̇2 + . . .

(30)

which could be written in matrix form as (also equivalent to time differentiation of Equation 24):

V̇ = [J1 J2 . . . Jn]






q̈1

q̈2

.

.

.
q̈n




+

[
d

dt
J1

d

dt
J2 . . .

d

dt
Jn

]






q̇1

q̇2

.

.

.
q̇n






V̇ = Jq̈ + J̇q̇

(31)

where dJ i
dt

= J̇ i is the time derivative of instantaneous screw coordinates and J̇ is the time
derivative of the Jacobian matrix of the kinematic chain.
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Robot Kinematics

Acceleration of a Kinematic Chain

Each column of J̇ i is given by:

dJ i

dt
=

d

dt
Adexp([S1]q1) exp([S2]q2)... exp([S i ]qi )(Si ) (32)

One useful tool in deriving the expression for J̇ is Lie bracket.

Definition (Lie Bracket)

Given two twists V 1 = (ω1, v1) and V 2 = (ω2, v2), the Lie Bracket [V 1, V 2] of V 1 and V 2

written either as
[
adV 1

]
V 2 in matrix form or adV 1

(V 2) in the form of a mapping, is defined as

[
[ω1] 0
[v1] [ω1]

] [
ω2

v2

]

=
[
adV 1

]
V 2 = adV 1

(V 2) ∈ R6×6 (33)

where

[adV ] =

[
[ω] 0
[v ] [ω]

]

(34)

The Lie Bracket is also called as “adjoint mapping”, “screw product” or “spatial cross product”.
The result of the Lie Bracket [V 1, V 2] in vector and matrix notations are given by:

[V 1, V 2] =

[
ω1 × ω2

v1 × ω2 + ω1 × v2

]

∈ R6 =

[
[ω1 × ω2] v1 × ω2 + ω1 × v2

0 0

]

. (35)
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Robot Kinematics

Acceleration of a Kinematic Chain

In fact, it can be shown that the i th column of the matrix J̇ is simply given by the expression

J̇ i = [V i , J i ] (36)

also sometimes written as V i × J i (in the spatial cross product notation from Featherstone 2008).

Recursive Nature

Inspecting Equation 31, the acceleration of any body i in the kinematic chain can be expressed in
the following summand form:

V̇ i =
∑

j≤i

(J i q̈i + [V i , J i ]q̇i ) (37)

which again reveals the recursive nature of the acceleration computation i.e. the acceleration of
any body i can be expressed as a sum of the acceleration of previous body i − 1 and acceleration
across the joint q̈i .

V̇ i = V̇ i−1 + J i q̈i + [V i , J i ]q̇i (38)

Substituting velocity equation in the above equation, and utilizing the bilinearity and
anticommutative property of Lie Brackets, one could derive a further simplified recursive equation.

V̇ i = V̇ i−1 + J i q̈i + [V i−1, V i ]

or V̇ i = V̇ i−1 + AdT i
(S i )q̈i + adV i−1

(V i )
(39)
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Robot Dynamics
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Robot Dynamics

Physical Properties of a Rigid Body

A rigid body can be seen as a set of point masses with fixed distances between each other.

• Mass of a physical body is the measure of its resistance to a change in state of its motion
(acceleration). It is given by m =

∑
mi where mi is the mass of i th point mass.

• Centre of mass (COM) The center of mass c of a rigid body in space is the unique point
where the weighted relative position of the distributed mass sums to zero. Formally speaking,
the center of mass is the location of a point such that

∑
mi r i = 0 where r i = (xi , yi , zi ) is the

location of a point mass mi with respect to the COM.

• Moment of Inertia or Rotational Interia Moment of Inertia of a physical body is the measure
of its resistance to a change in rotational motion (angular acceleration). It can also be
interpreted as the second moment of mass and is given by

Ib =

[
Ixx Ixy Ixz

Ixy Iyy Iyz

Ixz Iyz Izz

]

=

[∑
mi (y

2
i + z2

i ) −
∑

mi xi yi −
∑

mi xi zi

−
∑

mi xi yi

∑
mi (x

2
i + z2

i ) −
∑

mi yi zi

−
∑

mi xi zi −
∑

mi yi zi

∑
mi (x

2
i + y2

i )

]

∈ R3×3 .

All of these properties are intrinsic to the rigid body itself and do not change under the influence of
external forces or time. Overall, one needs a set of 10 real valued parameters to describe the
mass-inertial properties of a rigid body.

Φ = [m, cx , cy , cz , Ixx , Iyy , Izz , Ixy , Iyz , Ixz ] ∈ R10 (40)
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Robot Dynamics

Classical formulation

Consider a single rigid body of mass m consisting of a number of rigidly connected point masses
mi . Assume that this body is moving with a linear velocity vb and angular velocity ωb , and let
pi (t) denote the time varying position of mi , initially located r i in the inertial frame {b}. Then,
the velocity and acceleration of any point on this rigid body can be described as

ṗi = vb + ωb × pi

p̈i = v̇b + ω̇b × pi + ωb × (vb + ωb × pi )
(41)

which can be written in the matrix form as

p̈i = v̇b + [ω̇b ]r i + [ωb ]vb + [ωb ]2r i . (42)

From Newton’s 2nd law of motion, the force acting on this point is f i = mi p̈i and implies a
moment mi = r i × f i = [r i ]f i . The total force acting on this body f b is given by

f b =
∑

i

mi (v̇b + [ω̇b ]r i + [ωb ]vb + [ωb ]2r i ) (43)

which can be simplified if the body frame is assumed to coincide with the COM i.e.
∑

mi r i = 0.
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Robot Dynamics

Classical formulation

The simplified expression for the total force is

f b = m(v̇b + [ω̇b ]vb) . (41)

Similarly, the total moment acting on the body mb is given by

mb =
∑

i

mi [r i ](v̇b + [ω̇b ]r i + [ωb ]vb + [ωb ]2r i ) (42)

which also gets simplified due to the above assumption to

mb =

(

−
∑

i

mi [r i ]
2

)

ω̇b + [ωb ]

(

−
∑

i

mi [r i ]
2

)

ωb

or mb = Ibω̇b + [ωb ]Ibωb .

(43)

The above equation is also known as Euler’s equation for a rotating body. These two equations
together constitute the Newton-Euler equations of motion for the single rigid body system. It is
not hard to imagine that this complexity manifests stronger in case of multibody dynamics where
multiple bodies are involved.
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Robot Dynamics

Twist-Wrench formulation

Let us collect the angular velocity and linear velocity of the body in a body twist vector
V b = (ωb , vb) and moment and force vectors in a body wrench vector W b = (mb , f b). The
classical Newton–Euler equations can be collected and written in a combined form as

[
mb

f b

]

=

[
Ib 0
0 mI

] [
ω̇b

v̇b

]

+

[
[ωb ] 0

0 [ωb ]

] [
Ib 0
0 mI

] [
ωb

vb

]

(44)

where I is a 3 × 3 identity matrix. Exploiting the [v ]v = v × v = 0 and [v ]T = −[v ] properties of
a skew-symmetric matrix, we can rewrite the above equation as:

[
mb

f b

]

=

[
Ib 0
0 mI

] [
ω̇b

v̇b

]

+

[
[ωb ] [vb ]

0 [ωb ]

] [
Ib 0
0 mI

] [
ωb

vb

]

[
mb

f b

]

︸ ︷︷ ︸

W b

=

[
Ib 0
0 mI

]

︸        ︷︷        ︸

Mb

[
ω̇b

v̇b

]

︸ ︷︷ ︸

V̇ b

−
[

[ωb ] 0
[vb ] [ωb ]

]T

︸                ︷︷                ︸

adT
V b

[
Ib 0
0 mI

]

︸        ︷︷        ︸

Mb

[
ωb

vb

]

︸ ︷︷ ︸

V b

(45)

where each term can be identified as a spatial quantity. Thus, the EOM can be written in the
following compact form.

W b = MbV̇ b −
[
adT

V b

]
MbV b (46)
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Robot Dynamics

Spatial Quantities

It shares a peculiar resemblence with Euler’s equation and could be seen as spatial version of this
equation. In particular, we discuss the following two terms:

• Spatial mass-inertia matrix of a rigid body Mb ∈ R6×6 is defined as:

Mb =

[
Ib 0
0 mI

]

(47)

and is symmetric and positive definite. Using it, the total kinetic energy of the rigid body can
be written as

K =
1

2
V T

b MbV b =
1

2
vT

b mvb +
1

2
ω

T
b Ibωb ∈ R+ . (48)

• Spatial momentum coscrew Pb = (Lb , pb)T ∈ se∗(3) composed of the angular momentum of
the body Lb and its linear momentum pb is defined as

Pb =

[
Ib 0
0 mI

] [
ωb

vb

]

= MbV b ∈ R6 . (49)

Using the spatial momentum in body frame, one can compute the wrench acting on the body
W b as:

W b = Ṗb −
[
adT

V b

]
Pb (50)
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Robot Dynamics

Frame Invariance

It was shown in Equation 48 that the spatial form can also be used to write a compact expression
for the kinetic energy. Since, the kinetic energy of the rigid body must be indepedent of the frame
of representation {a} or {b}, one can write

K =
1

2
V T

a MaV a =
1

2
V T

b MbV b

=
1

2
V T

a

[
AdbTa

]T
Mb

[
AdbTa

]

︸                           ︷︷                           ︸

Ma

V a
(51)

where the spatial mass inertia matrix in the frame {a} is related to the spatial inertia matrix in
frame {b} by the relation:

Ma =
[
AdaTb

]−T
Mb

[
AdaTb

]−1
. (52)
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Robot Dynamics

Newton’s 2nd Law of Motion

Equation 46 can also be written in the spatial representation which in fact reveals an interesting
property. Using Equation 52, the spatial mass-inertia matrix in the spatial representation M can be
computed from spatial mass-inertia matrix in the body frame Mb as:

M = [AdT ]−T Mb [AdT ]−1 (53)

where T denotes the homogenous transformation of the body frame with respect to the base
frame. The spatial momentum of the rigid body in the spatial representation is defined as

P = MV = [AdT ]−T Mb [AdT ]−1 V . (54)

Using the fact that V b = [AdT ] V and Equation 49, one could express the spatial momentum in
spatial representation P in terms of spatial momentum in body fixed representation Pb as:

P = [AdT ]−T MbV b

= [AdT ]−T Pb .
(55)
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Robot Dynamics

Newton’s 2nd Law of Motion

Differentiating Equation 54 with respect to time, one could arrive at the Newton-Euler equation of
the single rigid body dynamics in spatial representation:

W = Ṗ = MV̇ + ṀV (53)

which is the simplest form possible (unlike Equation 50) and can be achieved by the spatial
representation of the twist, wrench and momentum. The time derivative of spatial mass-inertia
matrix Ṁ can be computed using

Ṁ = −
[
adT

V

]
M − M [adV ] . (54)

Using the above two equations and using the fact that [adV ] V = 0, one could arrive at the NE
equations of motion in spatial representation.

W = MV̇ −
[
adT

V

]
MV − M [adV ] V

W = MV̇ −
[
adT

V

]
MV

(55)

This has exactly the same form as body frame version of EOM as shown in Equation 46.
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Summary
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Summary

Conclusion

Summary

• Modern geometric formulations in robotics has two foundational pillars:
Lie group theory
Screw theory

• In this part of the talk, we saw:
Lie group and screw theory applied to robotics in SE(3)
Forward kinematics of a robot
Velocity kinematics of a robot
Dynamics of single rigid body

• Elegant and efficient formulations, easy to transfer into computer code.
• Many off–the–shelf kinematics and dynamics libraries that exploit geometric formulations are

already available:

Pinnochio
Rigid Body Dynamics Library (RBDL)
Kinematics and Dynamics Library (KDL)
Hybrid Robot Dynamics (HyRoDyn) – not yet open–source.
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Break (10 minutes)
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Part II: An Optimization based View on Robotics
(45 minutes)
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Introduction

Quest for Dynamic Robots

Serial vs Parallel vs Series-Parallel Hybrid vs Human

• Serial Manipulator (KUKA KR3 AGILUS):
Payload = 3 Kg
Weight = 27 Kg

• Parallel Manipulator (OMRON DELTA XXL):
Payload = 35 Kg
Weight = 80 Kg

• Series-Parallel Hybrid Manipulator (AMBIDEX):
Payload = 3 Kg
Weight = 2.6 Kg

• Human Arm:
Payload = 10–20 Kg
Weight = 4–5 Kg

V1: Table Tennis with KUKA KR3 AGILUS

V2: Table Tennis with OMRON PKM

The story of insights: We just need powerful drives. ⇒ We need parallel architectures. ⇒ We
need a combination of both. ⇒ We additionally need dynamic control!
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Introduction

Underactuation is the way of life

Underactuated Systems

Systems with higher independent degrees of freedom (m)
than the number of actuators (p) i.e. p < m

• Examples include legged robots, swimming, flying
robots, robot grasping etc.

• We live in dynamic world – robots and its environment
are subjected to laws of physics!

• Classical control techniques (model based or model free)
for robotics are based on the idea that feedback can be
used to override the dynamics of our machines.

• In nature, dynamics is utilized to the advantage instead
of being stiff to cancel it out.

• Control of underactuated robots is an open problem as
classical methods don’t apply anymore.

Cheetah

MIT Cheetah

Lie group based modelling of robot kinematics & dynamics and An optimization based view on robotics
Shivesh Kumar, Invited Lecture at Stardust-R Network Training School III, March, 15th 2021 Slide 46 of 79



Introduction Part I: Lie group based modelling of robot kinematics & dyn. Part II: An optimization based view on robotics Conclusion

Introduction

Popular Architectures in Robotics

Sense-Plan-Act (70s) Subsumption Architecture (80s) Brooks et al. 1999
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Introduction

Shifting Paradigm in Robotics

Video: Running, Delivering a Ball and Catching in Cricket

Criticism of traditional architectures

• We do not follow the same strict hierarchy in behavior control across all behaviors.

• These architectures do not emphasize on the importance of prediction.

• Works good only for quasi-static robots where stability is kind of guaranteed (e.g. mobile
robots, robots with four or more legs).
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Introduction

Shifting Paradigm in Robotics

Video: Running, Delivering a Ball and Catching in Cricket

Quote from Prof. Herman Bruyninckx at KU Leuven

“Sense-Plan-Act” and “Subsumption Architectures” are things of the past in robotics, to be
replaced by the “Every robot task is a constraint-optimization problem” paradigm, that links
continuous, discrete and symbolic knowledge, at runtime, and all the time.
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Introduction

Towards a Holistic Perspective on Robotics

Robot
Computer Software

or Controller
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Introduction

Towards a Holistic Perspective on Robotics

Robot
Computer Software

or Controller

CS/EE Engineers Mechanical Eng.
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A new perspective on constrained motion

Paper

Firdaus Udwadia, Robert Kalaba. A New
Perspective on Constrained Motion.
Proceedings of the Royal Society A:
Mathematical, Physical and Engineering
Sciences, Royal Society, The, 1992,
439(1906), pp.407–410.

1
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Unconstrained Dynamical System

Consider first an unconstrained, discrete dynamical system
whose configuration q is described by the n generalized
coordinates q = (q1, q2, . . . , qn)T . Either by Newtonian or
Lagrangian mechanics, the equations of motion can be
written in the form:

M(q, t)q̈ = Q(q, q̇, t) (56)

where M is a (n × n) symmetric and positive–definite
matrix.
The generalized accelerations of the unconstrained system,
which we denote by a, are thus given by

q̈ = M−1Q = a(q, q̇, t) (57)

Video: Double Pendulum
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Constrained Dynamical System

We now assume that the system is subjected to
m consistent equality constraints (which need not
be linearly independent) of the form

A(q, q̇, t)q̈ = b(q, q̇, t) (58)

where A is a known m × n matrix and b is a
known m-vector.
The presence of the constraints Equation 58,
imposes additional generalized forces of
constraint Qc on the system so that the explicit
equations of motion of the constrained system
now take the form

Mq̈ = Q(q, q̇, t) + Qc(q, q̇, t) (59)

kinematic 

constraints

holonomic

inequalityequality

scleronomic rheonomic

non-holonomic

Classification of Constraints
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Slider Crank Mechanism
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Gauss’s Principle of Least Constraint

Gauss’s Principle (1829)

Gauss principle informs us that the accelerations, q̈, are
such that the Gaussian function G, defined as,

G = min
q̈

(q̈ − a)T M(q̈ − a)

s.t. Aq̈ = b

(60)

is minimized over all q̈ which satisfy the constraint
equations Aq̈ = b. The (unique) solution to this
constrained minimization problem yields the equations of
motion.

Carl Friedrich Gauss (1777–1855), also referred
to as Princeps mathematicorum

Smells like a Quadratic Program (QP)?

min
x

xT Qx

s.t. Ax = b
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Three Main Results

1. The explicit equations of motion which govern the evolution of the constrained system are:

Mq̈ = Q(q, q̇, t) + K(b − AM−1Q) (61)

or,
Mq̈ = Q(q, q̇, t) + K(b − Aa) (62)

where the matrix K(q, q̇, t) = M
1
2 (AM− 1

2 )†, and the superscript “†” denotes the

Moore-Penrose generalized inverse of the matrix AM− 1
2 .

2. The additional term on the right-hand side of equation Equation 59 which represents the
generalized force of constraint is explicitly given by

Qc(q, q̇, t) = K(b − AM−1Q) (63)

3. Equation 61 can be rewritten after premultiplying by M−1 as,

q̈ = M−1Q(q, q̇, t) + M−1K(b − AM−1Q) (64)

q̈ − a = M−1K(b − Aa) (65)

∆a = K1e (66)

where ∆a = q̈ − a, e = b − Aa and K1 = M−1K = M− 1
2 (AM− 1

2 )†.
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New Perspective on Lagrangian Mechanics

Insight: Universe works like a control theorist

∆a = K1e (67)

• ∆a = q̈ − a represents the deviation (at the instant of time, t) of the constrained generalized
acceleration

• e = b − Aa represents the extent to which the accelerations, at the instant of time t,
corresponding to the unconstrained motion do not satisfy the constraint equations Aa = b

• K1 = M− 1
2 (AM− 1

2 )† is the matrix of proportionality and is the weighted Moore-Penrose
generalized inverse of the weighted constraint matrix A.

The motion of a discrete dynamical system subjected to constraints evolves, at each instant of
time, in such a way that the deviations of its accelerations from those it would have at that instant
if there were no constraints on it, is directly proportional to the extent to which the accelerations
corresponding to its unconstrained motion, at that instant, do not satisfy the constraints; the
matrix of proportionality is the weighted Moore-Penrose generalized inverse of the weighted
constraint matrix A, and the measure of the dissatisfaction of the constraints is provided by the
vector e.
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Summary

Summary

• We are led to marvel at the way Nature works; when the
unconstrained motion of a system does not satisfy the
constraints, Nature modifies the accelerations in a
manner directly proportional to the extent to which
these constraints are not satisfied, much like the
calculating control theorist.

• The matrix of proportionality is, K1, the weighted
Moore-Penrose generalized inverse of the weighted
constraint matrix. Little did Moore and Penrose realize
at the time, that their invention of generalized inverses
would play such a fundamental role in Nature’s design;
for, it is these seemingly abstract generalized inverses,
that provide the key to understanding the complex
interactions between impressed forces and the
constraints.

• The equations of motion obtained in this paper appear
to be the simplest and most comprehensive so far
discovered.

God loves differential equations!
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What is a mechanism?

Constrained motion may arise from both the design and control of the mechanism.
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Difference between mechanisms and robots

Mechanism vs Robots

Device that transforms input forces and movement
into a desired set of output forces and movement.

• Designed for a particular function

• Few DOFs

Robots are mechanisms but:

• General purpose machine

• Higher DOFs

Mathematical Insights

• In 1875, Alfred Kempe proved that all algebraic
curves can be traced by linkages.

• Few years later, Koenigs proved this result for all
spatial curves as well!

The analyses of mechanisms and robots are the same
to all intents and purposes.

Mechanism vs Robot
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Two classical problems: Analysis and Synthesis

Lie group based modelling of robot kinematics & dynamics and An optimization based view on robotics
Shivesh Kumar, Invited Lecture at Stardust-R Network Training School III, March, 15th 2021 Slide 59 of 79



Introduction Part I: Lie group based modelling of robot kinematics & dyn. Part II: An optimization based view on robotics Conclusion

Optimal Design

EOM in Closed Form (Müller 2018; Kumar 2019)

M (q) = JT MJ, C (q, q̇) = JT CJ, G (q) = JT MU (68)

A (q) =








I 0 0 0
AdC2,1

I 0 · · · 0

AdC3,1
AdC3,2

I 0

...
...

. . .
. . .

AdCn,1
AdCn,2

· · · AdCn,n−1
I








, X =








1X1 0 0 0
0 2X2 0 · · · 0
0 0 3X3 0
.
.
.

.

.

.
. . .

. . .

0 0 · · · 0 nXn








J = AX, M := diag (M1, . . . , Mn), C(q, q̇, V (q̇)) := −MAa − bT M.

b (V) := diag (adV1
, . . . , adVn ).

V̇0 =

(
0

0g

)

, U (q) := A






I
0
.
.
.
0




 =







Ad−1
C1

Ad−1
C2

.

.

.

Ad−1
Cn







.

NOTE: X and M contain all the kinematic (e.g. joint screws) & dynamic (mass, com, inertia)
parameters of the system (which are fixed) and constitute the design space of the mechanism.

Lie group based modelling of robot kinematics & dynamics and An optimization based view on robotics
Shivesh Kumar, Invited Lecture at Stardust-R Network Training School III, March, 15th 2021 Slide 60 of 79



Introduction Part I: Lie group based modelling of robot kinematics & dyn. Part II: An optimization based view on robotics Conclusion

Optimal Design

EOM in other spaces

Points to Ponder (Kumar et al. 2019)

• Not all moving parts in the robot contribute equally to the robot dynamics.

• The curvature of the c-space also decides the contributions of each DOF on the robot dynamics.

• Finally, the robot movement also defines what is the dominant dynamics of the system.

⇒ There must exist reduced order models that sufficiently capture the dynamics of a certain task.
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Simplified Template Motion Models (Orin et al. 2013)

The models are from top left:

1. a rigid inverted pendulum,

2. a telescopic inverted pendulum,

3. a cart-table model,

4. a linear inverted pendulum model (LIPM),

5. a spring loaded inverted pendulum and

6. a reaction mass pendulum (RMP).

Note that:

• All models are based upon the locations of the
CoM, CoP and the “lean line” connecting
them.

• Only the RMP model contains an extended
rigid-body mass and the centroidal angular
momentum.
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Nature uses simple models

Relative leg stiffness vs body mass for different animals performing different gaits (Koditschek et al. 2004)

Why simple models?

• Computationally tractable

• Mechanical insights

• Comparitive biology (invariants in the data e.g. relative individual leg stiffness is independent of
leg number, skeletal type and body mass.)

• Helps us understand fundamental principles of locomotion
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Passive Dynamics in Nature

Rainbow Trouts (BEAL et al. 2006)

• Researchers observed that rainbow trouts
like to hangout behind rocks while
swimming upstream.

• They change their swimming gaits behind
these rocks. They start to resonate and
surf between the vortices.

• Something energetically interesting is
happening there.

• It was not clear how much of that is
passive adaption and how much is active
control.

• Researchers put a dead fish in the water
tank by mistake and the fish started
swimming upstream.

⇒ Flexibility is being exploited as an
actuation.

V1: Rainbow Trouts Swimming Upstream

V2: Karman Vortex Street Phenomena
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Hybrid Dynamics
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Hybrid Dynamics
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Hybrid Dynamics
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Stability of Periodic Orbits via Poincare’s Map
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Passive Dynamics of Compass Gait

Compass Gait

• Dynamic model during stance phase

• Impact model during impact phase

• Reset map

• Poincaré return map for stability analysis

• Optimization method to find stable gait

⇒ Gravity is being exploited as an
actuation.

Passive limit cycle trajectory of the compass gait
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Summary

Summary

• Interesting dynamic stability can be
achieved by the passive design of the
robot alone (no control).

• Gravity and compliance can be used as
actuation principle.

• This is a crucial aspect of physical
intelligence.

• While the design can be optimized to
achieve a “certain” kinematic or dynamic
task, it is NOT enough if we want to
achieve a “vareity” of different tasks.

• Hence, we need optimal control
approaches.

Video: Passive Dynamic Walking with Humanoid ;-)
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Easy way to robot control: cancel out the dynamics!

Considering the fact that number of actuators may differ from number of generalized coordinates,
we introduce an actuator selection (n × p) matrix B and rewrite the EOM as:

M(q)q̈ + C(q, q̇) + G(q) = Bτ + JT W ext (69)

Rearranging Equation 69, EOM can also be written as a 2nd order non–linear differential equations:

q̈ = M−1(q)[Bτ + JT W ext − C(q, q̇) − G(q)] (70)

q̈ = f (q, q̇, u) or, ẋ = f (x, u) where, x = (q, q̇), u = τ (71)

Observe that mechanical systems are control-affine i.e. Equation 71 can be written in the form:

q̈ = f1(q, q̇) + f2(q, q̇)u (72)

Feedback Cancellation

Assume that f1, f2 are known for a system. Consider the control law

u = f −1
2 (q, q̇)[q̈d − f1(q, q̇)] (73)

which leads to the outcome q̈ = q̈d when substituted in Equation 72.
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Why does not it work for underactuated robots?

Clearly if rank(f2(q, q̇)) < dim(q), the feedback cancellation can not work.

Underactuated Control Differential Equations

A second-order control differential equation

q̈ = f (q, q̇, u, t) (74)

is fully actuated in state x = (q, q̇) and time t if the resulting map f is surjective: for every q̈ there
exists a u which produces the desired response. Otherwise it is underactuated (in x at time t).

Points to Note

• Underactuation also depends on the state of the system x = (q, q̇) i.e. fully actuated systems
can become underactuated.

• Nevertheless, there are plenty of robots where rank(f2(q, q̇)) < dim(q) in a global sense (e.g.
humanoids, quadcopters, gripper etc).

• Input and state constraints:
Torque limits i.e. u ≤ umax on the actuators can lead to underactuation.
φ(q, q̇, t) ≥ 0 (Remember how c-space is defined by kinematic constraints!).
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Optimal Control

Exercise: Underactuation in a Humanoid

Quick Quiz

• In order to study a humanoid, where will you define your
inertial frame of reference?

A. Ground
B. Humanoid Feet
C. Humanoid Torso

On the ground

• Can the state of the humanoid in general be represented
by the angles and the angular velocities of all its joints?
No, x = (q, q̇) where dim(q) = dim(q̇) = n + 6

• Is the robot underactuated while:
standing? No, if holonomic constraints are satisfied.
performing a back-flip? Yes

Atlas Standing

Atlas Back-flip
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Optimal Control

Hamilton–Jacobi–Bellmann Equation

Principle Idea

For a dynamical system ẋ = f (x, u) and an infinite-horizon additive cost
∫∞

0
l(x, u)dt, we have:

0 = min
u

[

l(x, u) +
∂J∗

∂x
f (x, u)

]

(75)

which is known as the Hamilton-Jacobi-Bellman (HJB) equation and the optimal control policy is
given by

π∗(x) = arg min
u

[

l(x, u) +
∂J∗

∂x
f (x, u)

]

(76)

where J∗(x) is the optimal cost–to–go function.
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Optimal Control

Optimality via HJB

Points to Note

• Foundation of Dynamic Programming and Optimal Control

• Most important thing is to find optimal cost–to–go function J∗(x). Can also be approximated
by value iteration in Reinforcement Learning.

• Both discrete and continuous variants are possible.
Discrete version works better for low dimensional systems.
Continuous version scales better provided we make some approximations.

• Structure in the cost
∫∞

0
l(x, u)dt and dynamics ẋ = f (x, u) are important to exploit.

Linearization of system dynamics (ẋ = Ax + Bu) is a powerful idea.

Quadratic structure in the cost (
∫

∞

0
xT Qx + uT Ru) leads to some wonderful results.

Together, they form the basis for Linear Quadratic Regulator (LQR).

• Also related to Model Predictive Control (MPC) (has receding time horizon instead of a fixed
fixed time horizon in case of LQR).
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Optimal Control

Comparison between Model based vs Model free approaches

Model based approach

Optimal Control exploits the model of the
systems to find the control input that drives
it to a desired state while minimizing a cost.

• Remarkable results both in simulation
and real systems have been achieved in
the last decade.

• Full potential still not exploited as they
are limited by computation time (model
reduction helps!)

• Modeling errors negatively affect their
performance on real hardware (however,
this is sometimes overemphasized).

Model free approach

Reinforcement Learning (RL) based
approaches can learn – either by trial and
error or by demonstration – how to control a
system to achieve a specified task.

• Remarkable results in simulation have
been achieved in the last years (partly on
real systems).

• Computational times are better (however,
training times are unacceptable for large
systems)

• Adaption capabilities (data hungry – it is
impossible to explore all the state space
or excite all the system dynamics).

Curse of dimensionality and local minima affect both approaches!
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Optimal Control

Optimality principles in sensorimotor control (Todorov 2004)

Main Points

• The sensorimotor system is a product of
evolution, development, learning and
adaptation–which work on different time
scales to improve behavioral performance.

• Optimal control theories have explained
more empirical phenomena in
sensorimotor control than any other class.

• Traditionally, sensory feedback was
neglected in the optimal control
approaches.

• Optimal feedback control is the way
forward for online behavior generation.
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Optimal Control

Sequential Composition of Controllers (Burridge et al. 1999)

Main Idea

• Ensure that the (feasible) goal of one
controller is the domain (of attraction) of the
next controller. And the goal of the final
controller is the required target state.

G (Φ1) ⊂ D(Φ2)

• Can provide a formal guarantee/analysis of
the controller i.e. can be certified in the given
state-space [Certified AI].

• Combining many sequential controllers can
cover entire state-space.

Challenges

• Finding Domain of each Controller is difficult

• Finding Optimal Controllers for all state-space
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Optimal Control

Sequential Controller via LQR-Trees (Tedrake et al. 2010)

Video: Supermaneuverable Perching
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Optimal Control

Sequential Controller via LQR-Trees (Tedrake et al. 2010)

Methodology

• Trajectory Planning/Optimization

• Trajectory Stabilization Time-Varying
LQR (TVLQR) Controller

• Region of Attraction analysis of TVLQR
using Sums-of-Squares

• Combine Multiple Stabilized Trajectories
to cover state-space.
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Conclusion
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Conclusion

Summary

• Our universe is driven by variational principles of
mechanics. Everything in nature strives for optimality.

• Differential geometric approach to robotics provides a
unified view to mechanics and control problems and
deep insights into the structure of the problem.

• The key to building next generation dynamic robots is
to bring the design–to–simulation–to–control process as
fast as possible and think about optimality in all aspects.

• Optimal control is the best bet for physical intelligence.
Open problems:

constraints and reward functions
non-convex optimization, non–smoothness
how to deal with model uncertainities or improve the models
online.

• My hope is that some of these developments from
dynamic legged robotics and dexterous manipulation
communities can also be transferred to the space
robotics community.

V1: Squatting with 5 Kgs in each hand

V2: RH5 humanoid jumping over obstacles
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Some Further Reading

• Underactuated Robotics Lectures by Russ Tedrake (MIT)
http://underactuated.csail.mit.edu/

• Doty K L, Melchiorri C, Bonivento C. A Theory of Generalized Inverses Applied to Robotics.
The International Journal of Robotics Research. 1993;12(1):1-19.
doi:10.1177/027836499301200101

• Robert E. Kalaba and Firdaus E. Udwadia. 1994. Lagrangian mechanics, Gauss’s principle,
quadratic programming, and generalized inverses: new equations for nonholonomically
constrained discrete mechanical systems. Q. Appl. Math. LII, 2 (June 1994), 229–241.

• Lewis, A. (2007). Is it worth learning differential geometric methods for modeling and control of
mechanical systems? Robotica, 25(6), 765-777. doi:10.1017/S0263574707003815

• Differential Geometry in Robotics https://www.in.tum.de/fileadmin/w00bws/i23/SBRML_

Part1_Differential_Geometry_in_Robotics.pdf

• Manifolds, Geometry and Robotics https:

//rss2017.lids.mit.edu/docs/invitedtalks/park-manifoldsgeometryandrobotics.pdf

• Modern Robotics: Mechanics, Planning and Control by Lynch and Park
http://hades.mech.northwestern.edu/index.php/Modern_Robotics
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Thank you very much! Questions or feedback?
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Moore-Penrose Generalized Inverse

Moore–Penrose conditions

For A ∈ Km×n, a pseudoinverse of A is defined as a matrix A† ∈ Kn×m satisfying:

• AA†A = A (AA† need not be the general identity matrix, but it maps all column vectors of A

to themselves)

• A†AA† = A† (A† acts like a weak inverse)

• (AA†)∗ = AA† (AA† is Hermitian), ∗ denotes conjugate transpose, if K = R, A∗ = AT

• (A†A)∗ = A†A (A†A is also Hermitian)

Application: linear system of equations

If a solution exist for the m × n linear system

Ax = b (77)

with vector x of unknowns and vector b of
constants, all solutions are given by

x = A†b + (I − A†A)w (78)

parametric on the arbitrary vector w .

Properties of null space projection matrix

We define the null space projection matrix
as R = I − A†A.

• R† = R (involutory matrix)

• RR = R (idempotent matrix)

• RA†A = 0
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Proof

• Substitute r̈ = M
1
2 q̈ in Equation 58 i.e. Aq̈ = b so that we have:

AM− 1
2 r̈ = b. (79)

According to the theory of generalized inverses, the solution to above equation is given by:

r̈ = (AM− 1
2 )†b + Ry . (80)

where R = (I − (AM− 1
2 )†(AM− 1

2 )) and y is any arbitrary vector.

• We can solve for y using Gauss’s principle which requires that

G = min (q̈ − a)T M(q̈ − a)

= min (r̈ − M
1
2 a)T M− 1

2 MM− 1
2 (r̈ − M

1
2 a)

= min || r̈ − M
1
2 a ||22

= min || Ry − {M
1
2 a − (AM− 1

2 )†b} ||22 (using Equation 80)
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Proof (contd.)

• Vector y that minimizes the Gaussian G is given by:

y =R†{M
1
2 a − (AM− 1

2 )†b} + (I − R†R)z

=R{M
1
2 a − (AM− 1

2 )†b} + (I − RR)z Using the property: R† = R

=R{M
1
2 a − (AM− 1

2 )†b} + (I − R)z Using the property: RR = R

=R{M
1
2 a − (AM− 1

2 )†b} + (AM− 1
2 )†(AM− 1

2 )z Using the definition of R

• Substituting the above expression for y in Equation 80, we get:

r̈ =(AM− 1
2 )†b + R[R{M

1
2 a − (AM− 1

2 )†b} + (AM− 1
2 )†(AM− 1

2 )z]

=(AM− 1
2 )†b + R{M

1
2 a − (AM− 1

2 )†b} + R(AM− 1
2 )†(AM− 1

2 )z

=(AM− 1
2 )†b + R{M

1
2 a − (AM− 1

2 )†b} using R(AM− 1
2 )†(AM− 1

2 ) = 0

=(AM− 1
2 )†b + (I − (AM− 1

2 )†(AM− 1
2 )){M

1
2 a − (AM− 1

2 )†b}

=(AM− 1
2 )†b + M

1
2 a − (AM− 1

2 )†(AM− 1
2 )M

1
2 a
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Proof (contd.)
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Proof (contd.)

• Substituting r̈ = M
1
2 q̈ in the above equation, we get:

M
1
2 q̈ = (AM− 1

2 )†b + M
1
2 a − (AM− 1

2 )†(AM− 1
2 )M

1
2 a (81)

• Multiplying by M
1
2 on both sides:

Mq̈ = M
1
2 (AM− 1

2 )†b + Ma − M
1
2 (AM− 1

2 )†(AM− 1
2 )M

1
2 a (82)

• Substituting Ma = Q and re-arranging the terms:

Mq̈ = Q + M
1
2 (AM− 1

2 )†[b − Aa] (83)

• Substitute M
1
2 (AM− 1

2 )† = K and we get:

Mq̈ = Q + K(b − Aa) �
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Generalized Inner Product

Consider linear transformation (A) which transforms a real vector space X into real vector space U

u = Ax (84)

Here, X and U may not have physically consistent Euclidean norms defined. This is a very common
situation in robotics. For example, there may exist a physically consistent Euclidean norm in joint
space (if all joints are of the same type) but no physically consistent Euclidean norm in SE(3).

Generalized Inner Product

Generalized Inner Product can be defined on vector space X as

x < · > Mx x =

n∑

i=1

n∑

j=1

mxij xi xj (85)

by selecting a positive–definite symmetric matrix Mx such that inner product makes sense in terms
of physical units.
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Gauge Invariance

One generally prefers metrics Mx for which the inner product Equation 85 remains invariant
(gauge invariant) under a class of permissible coordinate transformations G = {G} on X. If
Gx′ = x, then Gauge invariance over G implies:

x′ < · > M′
x x′ :=x < · > Mx x

=Gx′ < · > Mx Gx′

=x′ < · > [GT Mx G]x′

(86)

which, in turn, implies that the metric must change according to M′
x = [GT Mx G].

Example: Kinetic Energy Metric

Kinetic Energy KE = 1
2
V T MV is a physically consistent inner product on the configuration

manifold and hence defines a Riemannian metric on the configuration space of the robot.

KE =
1

2
V T

a MaV a =
1

2
V T

b MbV b

=
1

2
V T

a

[
AdbTa

]T
Mb

[
AdbTa

]

︸                           ︷︷                           ︸

Ma

V a
(87)

where V ∈ se(3) and M ∈ P(6) is the positive definite and symmetric mass-inertia metric.
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Weighted Generalized Inverses

Diagonal form of positive definite and symmetric metric

Because M is symmetric, positive definite, and as-sumed to have a physically consistent

characteristicpolynomial, diagonal form M
1
2 is well defined.

M = M
1
2 M

1
2 (88)

Further, one can select the version of M
1
2 that is positive–definite: its diagonal form has entries

equal to the positive square root of the real, positive entries of the diagonalform of M.

Application: linear system of equations (only U has a physically consistent Euclidean metric)

Define a vector space Z whose elements are found from X by the one to one relation

z = M
1
2
x x (89)

A physically consistent “Euclidean inner product” exists on the space Z since

z < · > z = M
1
2
x x < · > M

1
2
x x = x < · > Mx x (90)

is real and positive definite and the vectors in Z have components with the same physical units.
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Weighted Generalized Inverses (contd.)

Application: linear system of equations (only U has a physically consistent Euclidean metric)

Using Equation 84 and Equation 89,

u = Ax = AM
− 1

2
x z (91)

The Moore-Penrose generalized inverse (AM
− 1

2
x )† exists because both U and Z are Euclidean

inner product spaces. The least–squares, minimum-norm solution zs for the given u is

zs = (AM
− 1

2
x )†u (92)

and in terms of xs := M
− 1

2
x zs

xs = M
− 1

2
x (AM

− 1
2

x )†u (93)

Observe that xs is the minimum Mx –norm solution of our original equation u = Ax.
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